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Abstract. In this paper, we prove the extensions of Bonnet–Myers’ type theorems
obtained by Calabi and Cheeger–Gromov–Taylor via Bakry–Emery Ricci curvature,
which generalize the results of [7, 12, 22, 23, 24, 26].
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1. Introduction
The celebrated Bonnet–Myers theorem states that a complete Riemannian manifold
whose Ricci curvature has a positive lower bound must be compact. Calabi [2] general-
ized this result as follows
Theorem(Calabi) Let M be a complete n-dimensional Riemannian manifold with non-
negative Ricci curvature. If for some point p0 ∈ M , every geodesic ray issuing from p0
has the property that
lim supa→∞
(∫ a
0
(RicM(s))
1
2 ds−
1
2
log a
)
=∞,
then M is compact.
In particular, this indicates that if the Ricci curvature of a complete Riemannian
manifold M satisfies
RicM(x) ≥
1
(4− ε)(1 + r(x))2
,
where r(x) = d(p0, x) is the distance function and ε ∈ (0, 4) is a constant, then M
is compact(c.f.[25]). Cheeger–Gromov–Taylor [4] and Garding [8] also demonstrated a
similar result. The idea of their proof relies on studying carefully the index form or
the second variation. Recently, Wan [22] gave a complementary extension of Calabi and
Cheeger–Gromov–Taylor’s theorems by showing that the manifold has no ray issuing
from some point.
In the last decade, the previous mentioned Bonnet–Myers’ type theorems were general-
ized to the case that the complete Riemannian manifold is equipped with Bakry–Emery
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Ricci cuvature under different conditions (see e.g. [1, 3], [9]–[21],[23, 24, 26, 27]). Let
(Mn, g) be a complete Riemannian manifold, V a smooth vector field on M . Denote
the V -Laplacian operator ∆V := ∆+ 〈V,∇·〉. As in [5, 24], we define the Bakry–Emery
Ricci curvature
RicV := Ric−
1
2
LV g, Ric
m
V := Ric−
1
2
LV g −
1
m− n
V ∗ ⊕ V ∗,
where Ric is the Ricci curvature ofM , L denotes the Lie derivative, V ∗ is the dual 1-form
to V and m > n a constant. Usually, RicmV is called the m-Bakry–Emery Ricci curvature.
Ferna´ndez-Lo´pez and Garc´ıa-Rı´o [7] proved that if the Bakry–Emery Ricci curvature
RicV of a complete Riemannian manifold (M, g) has a positive lower bound, and |V |
is bounded, then M is compact. Later, by applying the mean curvature comparison
theorem to the excess function, Wei–Wylie [24] showed that when the vector field V
is the gradient of some smooth function f on M , namely, V = ∇f , if the Bakry–
Emery Ricci curvature Ricf has a positive lower bound and |f | is bounded, then M is
compact. Limoncu [12] obtained that the complete Riemannian manifold M is compact
when the m-Bakry–Emery Ricci curvature RicmV has a positive lower bound. Afterwards,
Soylu [18] and Wang [23] demonstrated the Cheeger–Gromov–Taylor type compactness
theorem via Bakry–Emery Ricci curvature Ricf and m-Bakry–Emery Ricci curvature
Ricmf respectively.
In this note, we shall follow the idea of Wan [22], by using the excess function and V -
Laplacian comparison theorem (see Theorem 3 in [5]), we derive an extension of Bonnet–
Myers’ type theorem with the Bakry–Emery Ricci curvature.
Theorem 1. Let (Mn, g) be a complete Riemannian manifold, V a smooth vector field
on M , and h : [0,+∞) → (0,+∞) a continous function. Let r(x) = d(p, x) be the
distance function from p ∈ M . Assume 〈V,∇r〉 ≤ C1 along a minimal geodesic from
every point p˜ ∈M , here C1 is a constant. Suppose
RicV (x) ≥ C2h(r(x)),
where C2 is a positive constant depending only on h, n and C1. Then M is compact. Here
C2 can be chosen as
(
n−1
δ
+ 2C1
)
· 1∫+∞
δ
h(s)ds
+ ε (ε, δ are arbitrary positive constants).
Remark 1. If f satisfies
∫ +∞
δ
h(s)ds = +∞, then the constant C2 can be chosen as
arbitrary positive real number. And by the Gaussian shrinking Ricci soliton, we know
that the condition on 〈V,∇r〉 can not be weakened to ”from a fixed point p˜ ∈M”.
Remark 2. When V = ∇f for some smooth function f on M , if we choose h ≡
cosntant, then Theorem 1 becomes Theorem 1.3 in [26].
Choosing h(x) = 1
(r(x)+r0)k
, where k ∈ R and r0 is a positive constant, then Theorem
1 implies
Corollary 1. Let (Mn, g) be a complete Riemannian manifold and V a smooth vector
field on M . Suppose that 〈V,∇r〉 ≤ C1 along a minimal geodesic from every point p˜ ∈M ,
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here C1 is a constant. If there exist p ∈M, k ∈ R, and r0 > 0, such that
RicV (x) ≥
C(n, k, r0, C1)
(r(x) + r0)k
for all r(x) ≥ 0, where r(x) = d(p, x) is the distance function and C(n, k, r0, C1) is
a constant depending only on n, k, r0, C1. Then M is compact. Here when k > 2,
C(n, k, r0, C1) can be chosen as [2C1r0+(n−1)(k−2)]·
(k−1)k
(k−2)k−1
·rk−20 +ε, when 1 < k ≤ 2,
C(n, k, r0, C1) can be chosen as
(
2C1 +
n−1
δ
)
(k−1)(r0+δ)
k−1+ε(ε, δ are arbitrary positive
constants), when k ≤ 1, C(n, k, r0, C1) can be chosen as arbitrary positive real number.
Remark 3. When V ≡ 0, then C1 can chosen as zero, RicV is just the usual Ricci
curvature, and Corollary 1 becomes Theorem 0.1 in [22], which is an extension of Calabi
and Cheeger–Gromov–Taylor’s theorems.
In particular, if we take h ≡ constant in Theorem 1, then by Remark 1, we obtain
Corollary 2. Let (Mn, g) be a complete Riemannian manifold and V a smooth vector
field on M . Let r(x) = d(p, x) be the distance function from p ∈ M . If V satisfies
〈V,∇r〉 ≤ C1 along a minimal geodesic from every point p˜ ∈ M , here C1 is a constant.
Suppose that
RicV (x) ≥ (n− 1)K,
where K is a positive constant. Then M is compact.
Remark 4. Ferna´ndez-Lo´pez and Garc´ıa-Rı´o [7] proved that if the norm of V is bounded
and the Bakry–Emery Ricci curvature has a positive lower bound, then M is compact (see
Theorem 1 in [7]). Clearly, the condition on the vector field V in Corollary 2 is weaker
than theirs.
When the vector field V = ∇f for some smooth real valued function f onM , applying
Theorem 1.1 b) in [24] instead of the V -Laplacian comparison theorem in the proof of
Theorem 1, we can derive the following extension of Bonnet–Myers’ type theorem. Since
the proof is quite similar to the one of Theorem 1, we omit the proof here.
Theorem 2. Let (Mn, g) be a complete Riemannian manifold, f a smooth real valued
function on M , and h : [0,+∞)→ (0,+∞) a continous function. Let r(x) = d(p, x) be
the distance function from p ∈M . Suppose |f | ≤ C3 and
Ricf(x) ≥ C4h(r(x)),
where C3 ≥ 0 is a constant and C4 is a positive constant depending only on h, n and C3.
Then M is compact. Here C4 can be chosen as
n+4C3−1
δ
· 1∫+∞
δ
h(s)ds
+ ε (ε, δ are arbitrary
positive constants).
Remark 5. If we take h ≡ constant, then C4 can be chosen as arbitrary positive real
number. Thus Theorem 2 recovers the Myers’ theorem in [24].
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Corollary 3. Let (Mn, g) be a complete Riemannian manifold and f a smooth real
valued function on M . Suppose |f | ≤ C3, here C3 is a nonegative constant. If there exist
p ∈M, k ∈ R, and r0 > 0, such that
Ricf(x) ≥
C(n, k, r0, C3)
(r(x) + r0)k
for all r(x) ≥ 0, where r(x) = d(p, x) is the distance function and C(n, k, r0, C3) is
a constant depending only on n, k, r0, C3, and Then M is compact. Here when k > 2,
C(n, k, r0, C3) can be chosen as (n+4C3−1)·
(k−1)k
(k−2)k−2
·rk−20 +ε, when k = 2, C(n, k, r0, C3)
can be chosen as (n+ 4C3 − 1)(1 +
r0
δ
) + ε(ε, δ are arbitrary positive constants).
Remark 6. Soylu [18] proved a Cheeger–Gromov–Taylor type theorem via the Bakry–
Emery Ricci curvature Ricf with bounded f , so the case of k < 2 is covered by his result,
we only need to consider the case when k ≥ 2.
For complete Riemannian manifolds with the m-Bakery–Emery Ricci curvature RicmV ,
we can also obtain the Bonnet–Myers’ type theorem by using a similar method as in the
proof of Theorem 1.
Theorem 3. Let (Mn, g) be a complete Riemannian manifold, V a smooth vector field
on M and h : [0,+∞)→ (0,+∞) a continuous function. If there is a positive constant
C5 depending only on h and n, such that
RicmV (x) ≥ C5h(r(x)),
where r(x) = d(p, x) is the distance function from p ∈M . Then M is compact. Here C5
can be chosen as n−1
δ
· 1∫+∞
δ
h(s)ds
+ ε (ε, δ are arbitrary positive constants).
Remark 7. If h satisfies
∫ +∞
δ
h(s)ds = +∞, then the constant C5 can be chosen as
arbitrary positive real number. Hence if we choose h as a constant, then Theorem 3 is
just Theorem 1.2 in [12].
Corollary 4. Let (Mn, g) be a complete Riemannian manifold and V a smooth vector
field on M . If there exist p ∈M, k ≥ 2, and r0 > 0, such that
RicmV (x) ≥
C(n, k, r0)
(r(x) + r0)k
for all r(x) ≥ 0, where r(x) = d(p, x) is the distance function and C(n, k, r0) is a
constant depending only on n, k, r0, then M is compact. Here when k > 2, C(n, k, r0)
can be chosen as (n−1) · (k−1)
k
(k−2)k−2
· rk−20 + ε, when 1 < k ≤ 2, C(n, k, r0) can be chosen as
n−1
δ
· (k−1) · (r0+ δ)
k−1+ ε(ε, δ are arbitrary positive constants), when k ≤ 1, C(n, k, r0)
can be chosen as arbitrary positive real number.
Remark 8. When V = ∇f for some smooth function f on M , Wang [23] proved a
Cheeger–Gromov–Taylor type compactness theorem via m-Bakry–Emery curvature Ricmf .
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2. Proof of Theorem 1 and Theorem 3
Proof of Theorem 1 Suppose that M is complete noncompact. Then for any p ∈ M ,
there is a ray σ(t), such that σ(0) = p.
Since r(x) = d(p, x) is smooth outside the cut-locus of p, applying the Bochner formula
(2.2) in [6], we have
(2.1) |Hess(r)|2 + RicV (∇r,∇r) + 〈∇∆V r,∇r〉 =
1
2
∆V |∇r|
2 = 0.
Set ϕV (t) := (∆V r) · σ(t). Computing both sides of (2.1) along σ(t),
|Hess(r(σ(t))|2 = −RicV (σ
′(t), σ′(t))− ϕ′V (t).
∀δ > 0, integrating the above equality over the interval [δ, t],
(2.2)
∫ t
δ
|Hess(r(σ(s))|2ds ≤ ϕV (δ)− ϕV (t)−
∫ t
δ
RicV (σ
′(s), σ′(s))ds.
Since RicV (x) ≥ C2h(r(x)) > 0 and 〈V,∇r〉 ≤ C1, by the V-Laplacian comparison
theorem (see Theorem 3 in [5]),
ϕV (t) = (∆V r) ◦ σ(t) ≤
n− 1
t
+ C1.
Consider the excess function
e(x) := d(p, x) + d(σ(i), x)− i.
By the triangle inequality, we have
e(x) ≥ 0 and e(σ(t)) ≡ 0 for 0 ≤ t ≤ i.
Hence
∆V d(p, σ(t)) + ∆V d(σ(i), σ(t)) = ∆V e(σ(t)) ≥ 0.
It follows that
ϕV (t) = (∆V r) ◦ σ(t) = ∆V d(σ(0), σ(t)) ≥ −∆V d(σ(i), σ(t)) ≥ −
n− 1
i− t
− C1.
Letting i→ +∞, we obtain ϕV (t) ≥ −C1. Therefore we arrive at
(2.3) − C1 ≤ ϕV (t) ≤
n− 1
t
+ C1.
From (2.2) and (2.3), we derive
0 ≤
∫ t
δ
|Hess(r(σ(s))|2ds ≤
n− 1
δ
+ 2C1 −
∫ t
δ
C2h(s)ds.
Letting t→ +∞, we get
C2
∫ +∞
δ
h(s)ds ≤
n− 1
δ
+ 2C1.
Choosing C2 =
(
n−1
δ
+ 2C1
)
· 1∫+∞
δ
h(s)ds
+ ε (∀ε > 0 is a constant), this yields the contra-
diction. Hence M must be compact.
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Proof of Theorem 3 Suppose that M is complete noncompact. Then for any p ∈ M ,
there is a ray σ(t), such that σ(0) = p.
By the elementary inequality
(a+ b)2 ≥
a2
1 + α
−
b2
α
, ∀α,
we get
(2.4)
|Hess(r)|2 ≥
1
n
(∆r)2 =
1
n
(∆V r − 〈V,∇r〉)
2
≥
1
n
(
1
m
n
(∆V r)
2 −
1
m
n
− 1
〈V,∇r〉2
)
=
1
m
(∆V r)
2 −
1
m− n
〈V,∇r〉2.
Substituting (2.4 ) into (2.1),
(2.5)
1
m
(∆V r)
2 + RicmV (∇r,∇r) +
∂
∂r
(∆V r) ≤ 0.
Set ϕV (s) := (∆V r) ◦ σ(t). Computing both sides of (2.5) along σ(t) gives
(2.6)
1
m
(ϕV (t))
2 + RicmV (σ
′(t), σ′(t)) + ϕ′V (t) ≤ 0.
For any δ > 0, integrating (2.6) over the interval [δ, t], we obtain
(2.7)
1
m
∫ t
δ
(ϕV (s))
2ds ≤ ϕV (δ)− ϕV (t)−
∫ t
δ
RicmV (σ
′(s), σ′(s))ds.
Since RicmV (x) ≥ C5h(r(x)) > 0, by Theorem 4.2 in [1], ϕV (t) = (∆V r) ◦ σ(t) ≤
n−1
t
.
Then using the excess function as in the proof of Theorem 1, we can conclude that
ϕV (t) ≥ −
n− 1
i− t
.
Letting i→∞, we get ϕV (t) ≥ 0. Therefore we obtain
(2.8) 0 ≤ ϕV (t) ≤
n− 1
t
.
Combing (2.7) with (2.8), it follows that
0 ≤
1
m
∫ t
δ
(ϕV (s))
2ds ≤
n− 1
δ
−
∫ t
δ
C5h(s)ds.
Letting t→ +∞, we get
C5
∫ +∞
δ
h(s)ds ≤
n− 1
δ
.
Choosing C5 =
n−1
δ
· 1∫+∞
δ
h(s)ds
+ ε (∀ε > 0 is a constant), it is a contradiction. Hence M
must be compact.
Acknowledgement This work is partially supported by NSFC (Nos. 11771339, 11571259).
The author would like to thank Dr. Jianming Wan for providing him the work of [22]
and for helpful discussions.
EXTENSIONS OF BONNET–MYERS’ TYPE THEOREMS 7
References
[1] D. Bakry, Z. Qian, Volume comparison theorems without Jacobi field, Current trends in potential
theory, 115–122, Theta Ser. Adv. Math. 4, Theta, Bucharest, 2005.
[2] E. Calabi, On Ricci curvature and geodesics, Duke Math. J. 34 (1967), 667–676.
[3] M. P. Cavalcante, J. Q. Oliveira, M. S. Santos, Compactness in weighted manifolds and applica-
tions, Results Math. 68 (2015), 143–156.
[4] J. Cheeger, M. Gromov, M. Taylor, Finite propagation speed, kernel estimates for functions of the
Laplace operator, and the geometry of complete Riemannian manifolds, J. Differ. Geom. (1)17
(1982), 15–53.
[5] Q. Chen, J. Jost, and H. B. Qiu, Existence and Liouville theorems for V-harmonic maps from
complete manifolds, Ann. Glob. Anal. Geom. 42 (2012), 565–584.
[6] Q. Chen, H. B. Qiu, Rigidity of self-shrinkers and translating solitons of mean curvature flows,
Adv. Math. 294 (2016), 517–531.
[7] M. Ferna´ndez-Lo´pez, E. Garc´ıa-Rı´o, A remark on compact Ricci solitons, Math. Ann. 340 (2008),
893–896.
[8] L. Garding, Vecteurs analytiques dans les representations des groupes de Lie, Bull. Soc. Math.
France 188 (1960), 73–93.
[9] S. Hwang, S. Lee, Integral curvature bounds and bounded diameter with Bakry–Emery Ricci
tensor, arXiv: 1904.08694, 2019.
[10] S. Lee, S. Hwang, A Myers theorem for Bakry–Emery Ricci tensor and a new diameter estimate,
arXiv: 190408698, 2019.
[11] X. -M. Li, On extensions of Myers’ theorem, Bull. Lond. Math. Soc. 27 (1995), 392–396.
[12] M. Limoncu, Modifications of the Ricci tensor and applications, Arch. Math. 95 (2010), 191–199.
[13] M. Limoncu, The Bakry–Emery Ricci tensor and its applications to some compactness theorems,
Math. Z. 271 (2012), 715–722.
[14] J. Lott, Some geometric properties of the Bakry–Emery-Ricci tensor, Comment. Math. Helv. 78
(2003), 865–883.
[15] P. Mastrolia, M. Rimoldi, G. Veronelli, Myers’ type theorems and some related oscillation results,
J. Geom. Anal. 22(2012), 763–779.
[16] F. Morgan, Myers’ theorem with density, Kodai Math. J. (3)29 (2006), 454–460.
[17] P. Petersen, C. Sprouse, Integral curvature bounds, distance estimates, and applications, J. Differ.
Geom. 50 (1998), 269–298.
[18] Y. Soylu, A Myers-type compactness theorem by the use of Bakry–Emery Ricci tensor, Differ.
Geom. Appl. 54 (2017), 245–250.
[19] H. Tadano, Remark on a diameter bound for complete Riemannian manifolds with positive Bakry–
E´mery Ricci curvature, Differ. Geom. Appl. 44 (2016), 136–143.
[20] H. Tadano, An upper diameter bound for compact Ricci solitons with application to the Hitchin-
Thorpe inequality, J. Math. Phys. 58 (2017), 023503.
[21] H. Tadano, Some Ambrose- and Galloway-type theorems via Bakry–E´mery and modified Ricci
curvatures, Pacific J. Math. (1)294 (2018), 213–231.
[22] J. Wan, An extension of Bonnet–Myers theorem, Math. Z. https://doi.org/10.1007/s00209-018-
2078-1.
[23] L. Wang, A Myers theorem via m-Bakry–Emery curvature, Kodai Math. J. 37 (2014), 187–195.
[24] G. Wei, W. Wylie, Comparison geometry for the Bakry–Emery Ricci tensor. J. Differ. Geom. 83
(2009), 377–405.
[25] H. Wu, C. Shen, Y. Yu, An introduction to Riemannian geometry (In Chinese), Beijing University
Press, Beijing, 1989.
[26] J.-Y. Wu, Myers’ type theorem with the Bakry–E´mery Ricci tensor, Ann. Glob. Anal. Geom. 54
(2018), 541–549.
8 QIU
[27] S. J. Zhang, A theorem of Ambrose for Bakry–E´mery Ricci tensor, Ann. Glob. Anal. Geom. 45
(2014), 233–238.
School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China, and
Computational Science Hubei Key Laboratory, Wuhan University, Wuhan 430072, China
E-mail address : hbqiu@whu.edu.cn
